
Wavelet-Based Adaptive Computations of the Excitonic 
Eigenstates of Disordered Semiconductor Quantum Wires  

Christian Mollet*, Torsten Meier†, and Angela Kunoth* 

*Institute of Mathematics, University of Paderborn, Warburger Str. 100, D-33098 Paderborn, Germany 
†Department of Physics & CeOPP, University of Paderborn, Warburger Str. 100, D-33098 Paderborn, Germany 

Abstract.  A novel adaptive wavelet based method is presented that allows us to compute eigenvalues and eigenvectors 
of the electronic Schrödinger equation. Our method outperforms direct discretization methods with equidistant grid 
spacings, in particular, for problems that involve several length scales. As an application we present numerical 
evaluations of the energetically lowest exciton states for ordered and disordered semiconductor quantum wires. 
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INTRODUCTION 

Real semiconductor heterostructures, e.g., quantum 
wells and wires, which are fabricated using, e.g., 
molecular beam epitaxy, always contain a certain 
amount of disorder [1-6]. If the material contains more 
than two different atoms as in, e.g., AlxGa1-xAs the Al 
and the Ga atoms may arrange on random spatial 
positions which is known as compositional or alloy 
disorder. Another type of disorder originates from 
spatial variations of the interfaces between the 
different materials that are contained in the 
heterostructure. For example in quantum wells, the 
thickness of the well material may change by one or 
more atomic layers. Since these monolayer 
fluctuations influence the energies of the electron and 
hole states due to quantum confinement they have a 
pronounced influence on the electronic and optical 
properties. Similarly in quantum wires the thickness of 
the wire typically varies in space which leads to 
position dependent electronic and optical properties.  

In the spectral vicinity of the band gap, the optical 
absorption of semiconductor heterostructures is 
dominated by strongly absorbing bound electron-hole 
complexes, i.e., excitons [1-7]. Since disorder leads to 
position dependent electron and hole energies, also the 
energy of the excitonic resonances changes in space. 
Besides the magnitude of the disorder-induced energy 
variations, also the length scale of the disorder is of 
relevance. If the correlation length that characterizes 
the disorder-induced energy variations is smaller than 
the size of the excitons, i.e., the exciton Bohr radius 

aB, the exciton resonances are rather weakly influenced 
because they effectively average over the disorder 
variations [1,2]. In the opposite limit where the 
correlation length is much longer than the exciton 
Bohr radius the exciton energy changes smoothly in 
space following the disorder-induced energy variation. 
In any case, disorder leads to a spectral broadening of 
the excitonic resonances which is denoted as 
inhomogeneous broadening [1-6].    

In the present study, we focus on thickness 
fluctuations of semiconductor quantum wires. The 
spatial variation of the electron and hole energies is 
included in a numerical solution of the exciton 
Wannier equation in real space [1-5]. To solve the 
Wannier equation we develop a novel adaptive method 
which uses wavelets as the basis functions. It is 
demonstrated that our method is able to efficiently 
compute the energetically lowest exciton states with 
and without disorder. To obtain the same accuracy as 
calculations that use equidistant grids, significantly 
less basis functions are needed in our adaptive 
approach. After projecting out the lowest state, our 
approach can also be used to compute energetically 
higher exciton states which are required in order to 
obtain the absorption spectrum. In the future, we plan 
to combine our approach with the numerical solution 
of dynamics equations, e.g., the semiconductor Bloch 
equations, and analyze nonlinear optical properties. 
We expect that in this case adaptive grids will greatly 
reduce even more the computational complexity 
needed for the numerical experiments.  



Witho
semicond
the excito
a negativ
presence 
Therefore
the Schrö
describes
and a po
attraction
replace th
effective 
considere
screen th
system th
the attrac

In ou
quantum 
numerica
correspon
see, e.g,,
V(xe-xh),
coordinat
which ac
wire [7]. 
wave fun
xe, xh)
space-dep
exciton 
piecewise
of steps
distribute
fluctuatio
i.e., we 
inversely
and elect

The 
problem 
method f
conventio
methods 
on an 
problem:
solution 
performin
suitable i
the eigen
reformula
discretiza
the per
(PPINVI
based ei
adaptive 

NUMERI

out disorder, 
ductors and s
on Wannier e
vely charged c

of a positive
e, the Wannie
ödinger equat
s the motion o
ositively char
n. To describ
he bare electr

masses of t
ed semicondu
he Coulomb a
he presence o
ctive potential.
ur approach w

wire by a
ally compute 
nding exciton
, [3-5], we re
 where  xe

tes of the el
ccounts for th

From our nu
nction of the e
). Disorder is i
pendent poten
Wannier equ
e constant ste
s, where ea
ed. As usual
ons, we use in

assume Vx
y proportional
tron effective m
first step is 
in a weak sen
follows a som
onal finite 
in that the so
infinite-dimen
 instead of c
space, e.g., 

ng a Galerkin
infinite-dimen
nvalue problem
ation of t
ation error yet
rturbed prec
T) [8] which
igenvalue sol
wavelet schem

ICAL MET

e.g., in spati
semiconducto

equation descr
conduction ba
ely charged v
er equation has
tion of a hyd
of a negativel
rged proton a
be excitons, o
ron and the pr
the electrons 

uctor material 
attraction, sinc
of many other
. 
e describe a t

a one-dimens
the lowest 

n Wannier eq
egularize the C
e, and xh d
lectron and h
he finite widt
umerical appro
energetically lo
included by c
ntials Vexe) 
uation. Vexe)
ep function wi
ach step hei
lly for the 
n this study c
x)=Vexe)=V
l to the ratio 
masses.  
to reformula

nse. Our design
mewhat differ
difference o

olution proces
nsional repre
choosing a fin

a finite ele
n discretizatio

nsional wavele
m. Now we h
the problem
t [9]. In this f
conditioned 
h is a highly 
lver. The ma
mes is to adap

THOD 

ially homogen
r heterostruct

ribes the motio
and electron i
valence band 
s the same for

drogen atom w
y charged ele

and their Cou
one only need
roton mass, b
and holes in
and one nee

ce in a solid 
r electrons red

thin semicond
sional model 

eigenstate of
quation. As u
Coulomb pote

denote the sp
hole, respecti
th of the qua
oach we obtai
owest exciton
onsidering ran
and Vhxh) in

) is set up 
ith desired nu
ight is norm
case of inte

correlated diso
Vhxh), where 

between the 

ate the eigenv
n of a new wa

rent paradigm 
or finite ele
ss is based dir
esentation of
nite subspace 
ement space, 
on, we consid
et basis to repr
have an equiv
m without 
form we can a
inverse iter
efficient wav

ain idea of 
ptively choose 

neous 
tures, 
on of 
in the 
hole. 

rm as 
which 
ectron 
ulomb 
ds to 

by the 
n the 

eds to 
state 

duces 

ductor 
and 

f the 
usual, 
ential 
patial 
ively, 
antum 
in the 

n state 
ndom 
n the 
as a 

umber 
mally 
erface 
order, 
is 
hole 

value 
avelet 

than 
ement 
rectly 
f the 

as a 
and 

der a 
resent 
valent 

any 
apply 
ration 
velet-
such 
in an 

aut
fun
bes
Fo
(bi
acc
app
com
sch
ada
CO
the
est

 
FIG
exc
(a) 

low
dif
dep
bas
dia
the
con
sho
adj
Th
low
un

tomated way
nctions, only t
st possible ap

or performing
i-)infinite mat
curacy, we e
plication sc
mputations is
heme, called c
aptation of th

OARSE schem
e resulting 
timates can be

GURE 1. Com
citon state for o
L=100 nm and

RESUL

Figure 1 show
west exciton 
fferent length
pends only 
sically expon
agonal xe=xh. 
e diagonal xe=
nditions, i.e., 
ortest distance
jacent unit cel

he error in the
west exciton 
iform grid and

y, out of the
the relevant on

pproximation o
g the involv
trices up to 
employ an in
cheme. Ess
s an adaptiv
coarsening. He
he APPLY sc
me from [10]. 

scheme toge
e found in [11]

mputed xe, xh)
ordered quantum
d (b) L=400 nm.

LTS AND D

ws the compu
state for ord

h L. In the 
on the dista
entially if on
The increase 

=1-xh arises fro
xe-xh| needs

e between equ
lls.  
e computation 

state is com
d our adaptive

e infinite se
nes in order to
of the unknow
ved applicati
a desired use

nexact adaptiv
sential for 

ve vector app
ere we use an 
cheme from [
A convergen

ether with 
].  

) of the energet
m wires of diffe
. 

DISCUSSIO

uted wavefunc
dered quantum
ordered case

ance xe-xh| a
ne moves awa

of towards
om the periodi
s to be evalu
uivalent points

of the eigenv
mpared in Fig
e approach as 

et of basis 
o obtain the 
wn solution. 
on of the
er specified 
ve operator 

efficient 
proximation 
appropriate 

[9] and the 
nce proof of 

complexity 

 

tically lowest 
rent length L 

ON 

ctions of the 
m wires of 
e xe, xh) 
and decays 
ay from the 
s the end of 
ic boundary 
ated as the 
s in one and 

value of the 
g. 2 for a 
function of 



the consi
both ap
exponent
with the a
than with
points. 

 

 
FIGURE 
in compar
 
Figure 3
lowest ex
length L=
disorder, 
xe-xh| bu
with inc

This 
Forschun
research 
Mathema
Universit
National 

1. S. D. B
in Soli
(1978)

2. R. Zim
optics”

3. T. Me
Semic
Nanos

4. N. Gö
Varga
semico
Physik

5. I. Kuz
Cundi

idered grid po
pproaches th
tially with the
adaptive appro
h a uniform gr

2.  Exact eigen
rison to the adap

 shows the c
xciton state fo
=100 nm and 
xe, xh) de

ut clearly separ
creasing stren

ACKNOW

work is 
ngsgemeinscha

was supporte
atics and its
ty of Minneso
Science Foun

REF

Baranovskii and
id Solutions” S
). 

mmermann, “Th
”, phys. stat. so
eier, P. Thom

conductor Opt
structure Applic
ögh, P. Thoma
, “Localization
onductor structu
k 18, 905-909 (2
znetsova, N. G
ff, I. Varga, an

oints. It is clea
he error de
e number of g
oach a better a
rid for the sam

nvalues with res
ptive scheme fo

computed wav
for disordered 
different disor

epends not on
rately on xe an

ngth of the d

WLEDGM

supported b
aft (DFG). 
ed in part by
s Application
ota with fund

ndation. 

FERENCES

d A. L. Efros, “B
Sov. Phys. Semi

heory of dephas
l. (b), 129-137 (

mas, and S. W
tics: From B
cations”, Spring
s, I. Kuznetsov

n of excitons in
ures: A model 
2009). 

Gögh, J. Förstn
nd P. Thomas, 

arly shown tha
ecreases basi
grid points and
accuracy is rea
me number of

pect to uniform
or L= 800 nm. 

vefunctions o
quantum wir

rder strength. 
nly on the dis
nd xh. Furtherm
disorder xe

MENTS 

by the Deu
Angela Kun

y the Institut
ns (IMA) at
ds provided by

S 

Band Edge Sme
icond. 12, 1328

ing in semicond
(1992). 

W. Koch, “Coh
Basic Concept
ger, Berlin, 2007
va, T. Meier, a
n weakly disor
study”, Annale

ner, T. Meier, 
“Modeling exc

at for 
ically 
d that 
ached 
f grid 

 

m grids 

of the 
res of 
With 

stance 
more, 
e, xh) 

bec
mi

 
FIG
exc
Th
=

utsche 
noth's 
te for 
t the 
y the 

earing 
-1330 

ductor 

herent 
ts to 
7. 
and I. 
rdered 
en der 

S. T. 
citonic 

6.

7.

8

9.

10.

11.

comes more 
inimum of the 

GURE 3.  Com
citon state for 
e standard de

=0.013605 meV 

line shapes 
nanostructures
A. D. Bristow
and R. P. 
Inhomogeneou
Excitons in W
Wells”, J. Phy
L. Bányai, I. 
and biexcitons
Rev. B 36, 609
T. Rohwedder
Preconditioned
Problems wi
Discretization”
(2011). 
A. Cohen, W
Wavelet Sche
SIAM J. Nume

. P. Binev, and 
Tree Appro
97(2):193-217

. C. Mollet, 
Semiconducto
of Eigenvalue
based on W
Mathematics, 

and more l
disorder pote

mputed xe, xh

disordered quan
viation of the
and (b) =0.34

in weakly 
s”, Phys. Rev. B

w, T. Zhang, M.
Mirin, „Separ

us Line Widths
Weakly Disorder
ys. Chem. B 115
Galbraith, C. E
s in semicondu
99-6104 (1987)
r, R. Schneider
d Inverse Iterati
ith Applicatio
”, Adv. Com

W. Dahmen, an
mes for Nonlin

er., Anal., 41(5)
R. DeVore, “Fa
oximation”, N
7 (2004). 

“Excitonic E
or Quantum Wi
es for the Electr

Wavelets”, Dipl
University of P

localized at 
ntial V(x). 

) of the energet
ntum wires of 

e disorder pote
40125 meV. 

disordered se
B 81, 075307 (2
. E. Siemens, S
rating Homog
s of Heavy- and
red Semiconduc
5, 5365-5371 (2
Ell, and H. Hau
uctor quantum w
). 
r, and A. Zeiser
ion for Operato

on to Adaptiv
mput. Math., 

nd R. DeVore
near Variationa
:1785-1823 (20

ast Computation
Numerische 

Eigenstates in 
ires: Adaptive 
ronic Schröding
loma Thesis, 

Paderborn (2011

the spatial 

 

tically lowest 
L= 100 nm. 

ential is (a) 

emiconductor 
010).  

S. T. Cundiff, 
geneous and 
d Light-Hole 
ctor Quantum 
011). 

ug, “Excitons 
wires”, Phys. 

r, „Perturbed 
or Eigenvalue 
ve Wavelet 
34(1):43-66 

e, „Adaptive 
al Problems“, 
003).  
n in Adaptive 
Mathematik, 

Disordered 
Computation 
ger Equation 
Institute of 
). 


